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Abstract: In this paper, we study the thermodynamic quantities of Friedmann- 
Robertson-Walker (FRW) universe by using the tunnehng formahsm beyond semiclassical 
approximation developed by Banerjee and Majhi [p5|] . For this we first calculate the cor- 
rected Hawking-like temperature on apparent horizon by considering both scalar particle 
and fermion tunneling. With this corrected Hawking-like temperature, the explicit expres- 
sions of the corrected entropy of apparent horizon for various gravity theories including 
Einstein gravity, Gauss-Bonnet gravity. Lovelock gravity, f{R) gravity and scalar-tensor 
gravity, are computed. Our results show that the corrected entropy formula for different 
gravity theories can be written into a general expression (l4.3S| ) of a same form. It is also 
shown that this expression is also valid for black holes. This might imply that the expres- 
sion for the corrected entropy derived from tunneling method is independent of gravity 
theory, spacetime and dimension of the spacetime. Moreover, it is concluded that the ba- 
sic thermodynamical property that the corrected entropy on apparent horizon is a state 
function is satisfied by the FRW universe. 
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1. Introduction 

Hawking radiation phenomenon of black holes shows that black holes are not completely 
black, but emit thermal radiations like a black body, with a temperature proportional to 
its surface gravity at the horizon and with an entropy proportional to its horizon area[^, |2|. 
The Hawking temperature and the horizon entropy together with the mass of the black 
hole obey the first law of thermodynamics Modeling the phenomenon of Hawking 
radiation one should incorporate quantum fields moving in a background of classical gravity. 
Therefore quantum theory, gravitational theory and thermodynamics meet at black holes 
together. The first law of thermodynamics of black hole together with the quantum nature 
of black hole lead people to consider the connection between thermodynamics and gravity 
theory. 

Inspired by black hole thermodynamics, Jacobson first showed that Einstein gravity can 
be derived from the fundamental thermodynamics relation (Clausius relation) 5Q = TdS 
together with the proportionality of entropy and the horizon area, presuming that the 
relation holds for all Rindler causal horizons through each spacetime point With the 
viewpoint of thermodynamics, Einstein equation is nothing but an equation of the state of 
spacetime. Applying this idea to f{R) gravity and scalar-tensor gravity, it turns out that 
a non-equilibrium thermodynamic setup has to be employed^, |^. For another viewpoint, 
see0. 
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Jacobson^s derivation provides a convincing evidence for the connection between ther- 
modynamics and gravity theory. Recently, this connection has been investigated exten- 
sively in literatures for Friedmann-Robertson- Walker (FRW) universe. By assuming the 
apparent horizon of FRW spacetime has an associated semiclassical Bekenstein-Hawking 
entropy 5bh and temperature Tq 

Cai et a/Q showed that Friedmann equations can be derived from the first law of ther- 
modynamics dE = TodSBE- Here h is the Planck constant, A is the area of the apparent 
horizon, and is the radius of the apparent horizon. Further they using the same proce- 
dure, derived also Friedmann equations in the Gauss-Bonnet gravity and the more general 
Lovelock gravity. That study has also been generalized to f{R) gravity and scalar-tensor 
gravity|6|, ^, In ||6|, the Friedmann equations for f{R) gravity and scalar-tensor 
gravity were derived from the first law of thermodynamics by adding non-equilibrium cor- 
rections. In this case, in order to construct the equilibrium thermodynamics in f{R) gravity 
and scalar-tensor gravity, a mass-like function should be introduced to define the energy 
flux crossing the apparent horizon Beside gravity theories in four dimensions, the 
first law form of thermodynamics also holds on apparent horizon in various braneworld 
scenarios [ll2|| . Some other viewpoints and further developments in this direction see |jl3| 
and references therein. The fact that the first law of thermodynamics holds extensively in 
various spacetime and gravity theories suggests a deep connection between thermodynamics 
and gravity theory. 

The thermodynamics behavior of spacetime is only one of the features of gravity. This 
feature connects gravity and thermodynamics together. Another feature is the quantum 
effects of spacetime, which is related to the radiation of quantum fields from the horizon of 
the spacetime. Of black holes, this radiation is usually called Hawking radiation and was 
first found by Hawking[Q|. Hawking's original derivation of this radiation was completely 
based on quantum field theory. Since then, several other derivations of Hawking radiation 
were subsequently presented in literatures. Among these derivations, a simple and phys- 
ically intuitive picture is provided by the tunneling mechanism 1 14]. It has two variants 



namely null geodesic method] 14 1 and Hamilton- Jacobi method [[iq]. The tunneling method 



has attracted a lot of attention and has been applied to various black hole spacetimes[16|. 
Among the applications of the tunneling method, the fermion tunneling from black hole 
horizon has also been investigated |l^, Recently, a problem in the tunneling approach 
has been discussed which corresponds to a factor two ambiguity in the original Hawk- 



ing temperature|18|. Later, the connection between tunneling formulism and the anomaly 



approach is discussed ||T^. Recently, the derivation of Hawking black body spectrum in 



the tunneling formulism is addressed |2C] and this derivation fills the gap in the existing 
tunneling formulations. 

Now, inspired by the Hawking radiation of black hole spacetimes, a question raises. 
That is, is there a Hawking-like radiation from the apparent horizon of a FRW universe? In 
a recent paper 1 21], the scalar particles' Hawking-like radiation from the apparent horizon 
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of a FRW universe was investigated by using the tunneling method. Subsequently, further 
investigations of the Hawking-like radiation as tunneling in a FRW universe have been done 
by many authors] 22, 23, 24 1. The calculation of the Hawking-like radiation in tunneling 
method shows that a FRW universe indeed emits particles with a physical Hawking-like 
temperature Tq = ^^-^ , which is just the assumed temperature on apparent horizon to 
construct the first law of thermodynamics in FRW universe. Knowing the expression of 
this Hawking-like temperature, one can apply the first law of thermodynamics to identify 
explicitly the expression of the entropy of apparent horizon in various gravity theories. 
However, as we have known, when one constructs the first law of thermodynamics in FRW 
universe, the expressions of the entropy for various gravity theories are only assumptions. 
Thus, the tunneling method provides an approach to directly calculate both the Hawking- 
like temperature and the corresponding entropy of apparent horizon for FRW universe. 

However, the tunneling method used for the Hawking-like radiation in FRW universe 
is based on the semiclassical approximation. This means that the Hawking-like tempera- 
ture To = and the corresponding entropy are both semiclassical results. When the 
completely quantum effect is taken into account, both the Hawking-like temperature and 
entropy of the apparent horizon should undergo corrections. But it is not obvious how to go 
beyond this semiclassical approximation in the tunneling method. Recently, the question 
that how to go beyond semiclassical approximation in the tunneling method, have been 
discussed in a series of papers by Banerjee and Majhi ^5, 26]. And the general formalism of 
tunneling beyond semiclassical approximation has been developed in [25|. This formalism 
provides an approach to investigate the quantum corrections to the semiclassical thermody- 
namic variables of spacetime and has been studied extensively recently 28, |2^, |3l| . 



Therefore, it is of interest to investigate whether this formalism can be generalized to the 
FRW universe. 

In our previous work[^2|, by using the formalism of tunneling beyond semiclassical 
approximation, we have considered the Hawking-like radiation in a (3 + l)-dimensional 
FRW spacetime. The result yields the corrected expression of the Hawking-like tempera- 
ture and entropy of apparent horizon. Note that there is a similar work that also treats 
the Hawking-like radiation to obtain the corrected Hawking-like temperature in FRW uni- 
verse via tunneling beyond semiclassical approximation! 33]. However, the computations in 
]32, ^] are confined to a (3 + l)-dimensional FRW spacetime in Einstein gravity. The cor- 
rected expression of the entropy for generalized gravity theories is generally not discussed. 
As we all have known, the first law of thermodynamics holds not only for Einstein gravity, 
but also for other gravity theories like Gauss-Bonnet gravity. Lovelock gravity, f{R) grav- 
ity and scalar-tensor gravity. Therefore, we must ask if the tunneling formalism beyond 
semiclassical approximation is still valid in investigating the quantum corrections to the 
Hawking-like temperature and the corresponding entropy of apparent horizon in generalized 
theories of gravity. In the present work, we are going to investigate this problem. 

In this paper, we would like to study the corrected thermodynamic quantities of FRW 
universe by using the tunneling formalism beyond semiclassical approximation. Via the 
tunneling calculation, we obtain the corrected form of the Hawking-like temperature of 
apparent horizon for a. {n + l)-dimensional FRW universe. With this corrected Hawking- 
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like temperature, the explicit expressions of the corrected entropy of apparent horizon for 
various gravity theories including Einstein gravity, Gauss-Bonnet gravity, Lovelock gravity, 
f{R) gravity and scalar-tensor gravity, are computed. Our results show that the corrected 
entropy formula for different gravity theories can be written into a general expression of 
a same form and this expression is also valid for black holes. This might imply that the 
expression for the corrected entropy derived from tunneling method is independent of the 
gravity theory, spacetime and the dimension of the spacetime. 

Therefore, the paper is organized as follows. In section |2|, the tunneling of scalar 
particle and fermion are both used to calculate the corrected Hawking-like temperature of 
apparent horizon for a. {n + l)-dimensional FRW universe. The derivation of the corrected 
entropy for various gravity theories appear in sections ^ and |^. In section |5| we test the 
expression for corrected entropy in black hole background, and section ^ is left for our 
conclusions. 



2. Corrections to the semiclassical Hawking-like temperature 

In this section, in order to obtain the corrected form of the Hawking-like temperature 
of apparent horizon for FRW universe, we consider both the scalar particle and fermion's 
Hawking-like radiation by using the tunneling method beyond semiclassical approximation. 

For convenience of our analysis let us first begin with the standard form of an (n -|- 1)- 
dimensional FRW metric 

„2 _ ,,2 , „2u\ ( , „2 jr.2 



ds^ = -dt' + a'{t)\^-^—^+r'd^l'^_^y (2.1) 

where d^\_i denotes the line element of an (n — l)-dimensional unit sphere, a{t) is the scale 
factor of the universe and k is the spatial curvature constant which can take values k = +1 
(positive curvature), /c = (flat), k = —1 (negative curvature). Introducing f = a{t)r, the 
metric ( p.lj ) can be rewritten as 

ds"^ = hahdx^dx^ + r'^dnl_^, (2.2) 

where x'^ = [t, r) and hab = diag(— 1, a^/(l — kr"^)). In FRW universe, there is a dynamical 
apparent horizon, which is the marginally trapped surface with vanishing expansion and is 
defined by the equation 

h^^dard^r = 0. (2.3) 

Using the metric ( p.2[) , one can easily get the radius of the apparent horizon for the FRW 
universe 

fA = , ^ (2.4) 

where H is the Hubble parameter, H = a/a (the dot represents derivative with respect to 
the cosmic time t). 
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In the tunneling approach of reference [|TJ] the Painleve-Gulstrand coordinates are 
used for the Schwarzschild spaceime. Applying the change of radial coordinate, f = ar, 



along with the above definitions of H and to the metric in 2.1 one obtains the Painleve- 
Gulstrand-like metric for FRW spacetime 



1 



'"/'"^ dt^ 



2Hr 



1 — kf^/a 



1 — kf'^/a' 



-dtdf + 



1 



1 — kf"^ /a? 



n-l- 



(2.5) 



These coordinates have been used in both null geodesic method and Hamilton-Jacobi 



method [gl], |22 
FRW metric. 



23, 33] to study the Hawking-like radiation from a (3 + l)-dimensional 



2.1 Scalar particle tunneling 

In this subsection we discuss scalar particle tunneling from apparent horizon. Although 
there are literatures [^, |3^ for the computation of the corrections to the Hawking-like 
temperature via scalar particle tunneling, they are only confined to the (3 + l)-dimensional 
case. Now, we shall do the computation for arbitrary (n + l)-dimensional FRW universe. 
A massless scalar field (j) in FRW universe obeys the Klein-Gordon equation 



(2.6) 



In the tunneling approach we are concerned about the radial trajectory, so that only the 



(t — f) sector of the metric (2.2) is relevant, thus by making the standard ansatz for scalar 
wave function 



(f, t) = exp 



(2.7) 



the Klein-Gordon equation (|2.6| ) can be simplified to 



fdl\ 



df^^yhjydt) ^ 1 - fef2/a2 dt 



H dl f{H^f\ + 1 - kf^/a^) dl 
f\{\ — kf'^ /a?) df 



,dl dl 



+ 2-Hr—— + 2Hf- ^ 
n of at dtdf 



(1 - f Vfi) 



92/ 

9f2 



0. 



(2.8) 



An expansion of /(f, t) in powers of h gives. 



iif,t)=io{f,t) + ^h'i,{f,t), 



(2.9) 



where i = 1,2,3.... Substituting ( |2.9| ) into ( p.^ ) and equating different powers of h at 
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both sides, after a straightforward calculation we obtain the following set of equations: 

h^: ^ = i-Hr ± Vl - krVa^)^, (2.10) 



and so on. The above equations have a same functional form. So their solutions are not 
independent and /j are proportional to Iq. Then, we write the Eq.(p^) by 



/(f,t) = (l + ^7#)/o(r,t). 



(2.11) 



Here Iq denotes the semiclassical contribution and the extra value 'Jifi^lo can be regarded 
as the quantum correction terms to the semiclassical analysis. 

For the metric (p.5|), since the metric coefficients are both radius and time dependent, 
there is no time translation Killing vector field as in the case of static spacetime. However, 
following Kodama[^, for spherically symmetric dynamical spacetime whose metric is like 
(|2.5|), there is a natural analogue, the Kodama vector 



K = Vl - kP/a'^ 



d_ 

dt 



(2.12) 



Thus, using the Kodama vector, the general form of the semiclassical action Io{f,t) in 
FRW universe is given by 



Ioir,t) 



UJ 



\J\ — kr"^ /t 



-.dt + 



dr 



dr, 



(2.13) 



where oj is the conserved quantity with respect to the Kodama vector K. The Kodama 
vector gives a preferred flow of time, coinciding with the static Killing vector of standard 
black holes. It should be noted that the Kodama vector is timelike, null and spacelike as 
f < f^, r = and f > f^, respectively. 

Put ( 2.131) into the first equation of ( 2.11| ), and combine (p. 9]), one can obtain the 
solutions for I{r,t): 



I{r,t) 



UJ 



y^l — kf"^ /c 



zdt + UJ 



-Hr lb Y^l — kr"^ /a? 



(1 — f2/f^)y^l — kf"^ /a?' 



dr 



(2.14) 



where the +(— ) sign indicates the particle is outgoing (ingoing) 
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In Schwarzschild black hole, with the tunneling of a particle across the event horizon 
the nature of the time coordinate t changes. This change indicates that t coordinate 
has an imaginary part for the crossing of the horizon of the black hole and consequentially 
there will be a temporal contribution to the imaginary part of the action for the ingoing 
and outgoing particles. For FRW universe, the radiation is observed by a Kodama observer 
and the Kodama vector is timelike, null and spacelike for the regions outside, on and inside 
the apparent horizon, respectively. Because the energy of the particle is defined by the 
conserved quantity with respect to the Kodama vector, a discrepancy of Kodama vector 
inside and outside the horizon will effect the temporal part of the action. This means 



that the temporal part integral in ( 2.14 ) should also have an imaginary part. Therefore, 
outgoing and ingoing probabilities are given by 

2 



exp 



-h 



exp 



+ti;Im 



2 



-iff + v^l - kP/a^ 



(1 



f^/f^) y^l — kf"^ /a^ 
2 



y^l — kr^ jd- 



dr 



-.dt 



(2.15) 



exp 



h 



hn{r,t) 



exp 



+a;Iin 



2 



Im 



i 

\/l — kf^/a"^ 



-Hr 



\/l — kr"^ /a? 



zdf 



-.dt 



(2.16) 



{l-f^/f\)^l-kr^/a? 

In [23 1, the temporal part contribution to the action has been calculated in Schwarzschild- 
like coordinates of a FRW spacetime. The contribution of the temporal part of the action 
to the tunneling rate is canceled out when dividing the outgoing probability by the ingoing 
probability because the temporal part is completely the same for both the outgoing and 
ingoing solutions. It is no need to work out the result of the temporal part of the action. 

In the WKB approximation, the tunneling probability is related to the imaginary part 
of the action as 



r oc 



Pi, 



Pa. 



exp 



7in*)lni 



1 



(1 — jfj^ 



-df 



(2.17) 



It is obvious that the integral function has a pole at the apparent horizon. Through a 
contour integral, the tunneling probability of ingoing particle now reads 



r oc exp 



2 



Now using the principle of "detailed balance" 1 15] 

r DC exp 



(2.18) 



(2.19) 
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the corrected Hawking-like temperature associated with the apparent horizon can be de- 
termined as 




(2.20) 



where Tq is the semiclassical Hawking-hke temperature and other terms are corrections 
coming from the higher order quantum effects. 



2.2 Fermion tunneling 

Recently, the tunnehng of fermions beyond semiclassical approximation has been also in- 



vestigated for black holes |2(:]. Due to the fermion tunneling beyond semiclassical approx- 
imation, all the quantum corrrections to the thermodynamics quantities of a black hole 
can be determined. In this subsection we turn to consider the fermion tunneling beyond 
semiclassical approximation in FRW universe. For the fermion tunneling, there is a paper 
which discusses this issue but only with the semiclassical computation [^]. Here we shall 
do the analysis for the tunneling of massless fermions from a FRW universe by considering 
all the quantum corrections. 

Now we calculate the fermions' Hawking-like radiation from the apparent horizon of a 
FRW universe via the tunneling formalism beyond semiclassical approximation. A massless 
spinor field ip obeys the Dirac equation without a mass term 



-ih-f^Df.iP = 0, (2.21) 
where the covariant derivative is given by 

D^ = d^ + ^r"/S„^, = ^[7°,7^], (2.22) 

and the gamma matrices satisfy the condition that 

{7°,7^} = 2ff"/^/. (2.23) 



In (n -|- l)-dimensional FRW spacetime, as in higher dimensional black hole[36|, we can 
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choose the 7 matrices for the metric ( |2.5D as 



V 



ilm m 

2^2 



— ilm m 

2^2 



(ilm y m 
2X2 
— il!:n.x!^ 



1 / 



r \ 7 



m m 



1 



7^ 



m , , m 



f sin 6* \ 7-4, X in 



^ m y m 

2^2 





^ m y m 
2^2 



, 4:<l<n 



-i/i; 







7 



^,3 



(2.24) 
(2.25) 
(2.26) 
(2.27) 

(2.28) 

(2.29) 



where t = and r = are time coordinate and radial coordinate respectively; 9 = x^ 
and (p = x'^ are angular coordinates, . . . ,7], . . . , x"^^ are extra-dimensional coordinates; 
m = 2^~(m = 2 2') is the order of the matrix in even- (odd-) dimensional spacetime; In 



is a unit matrix with ^ ^ T orders; 7m m is the //th gamma matrix with ^ ^ T orders 



in flat spacetime. Note that Eg. ( 2.29 ) is only necessary in odd-dimensional spacetime. 
In the tunneling approach we are concerned about the radial trajectory, so that only 



the {t — f) sector of the metric (|2.2| ) is relevant, thus the Dirac equation ( 2.21 ) can be 
expressed as 



(2.30) 



where Xmxm is a matrix with m x m orders and 



2 l "^m X m 
~^ Kmxm 



(5"r[, + 5*'r^,-/*r*,-/T 



(2.31) 



Without loss of generality, we employ the following ansatz for spinor field in (n + 1)- 
dimensional spacetime 



V'(t,f) 



Bi^xi{t,f) 



(2.32) 



where Anixiitjf) and Bmxiit,f^) are y ^ ^ function column matrices, I{t,f) is the one 
particle action which will be expanded in powers of h. Substituting the ansatz ( |2.32| ) into 
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( 2.30 ), one obtain 



ih 



Xr. 




dfAm 



xl 



■xl 



0. (2.33) 



Since the terms in the second hne of the above equation do not involve the single particle 
action, they will not contribute to the thermodynamic entities of the black hole. Therefore, 
we will drop these terms. We can expand /, Anixii s-i^d Bnixi iii powers of h as 



I{t, f) = hit, f) + Y, f^'liii^ 0' (2-34) 

i 

A^xi(t,0 =^o(t,r) + 5]nM,(t,f), (2.35) 

i 

B:n^i{t,f) = Bo{t,f) + Y,h'Bi{t,f), (2.36) 

i 



where i = 1, 2, 3, . . . . In above expansions, Iq, and Bq are semiclassical values, and the 
other higher order terms are treated as quantum corrections. Substituting ( 2.34| ), ( |2.35| ), 
and ( |2.36| ) into ( |2.33| ), and then equating the different powers of h on both sides, one obtain 
the following two sets of equations: 



Set I: 

: i{dth + HfdfIo)InixnLAo + \/l - kf"^ / a?dfhfrn^rnBQ = 0, (2.37) 

2 2 2 2 

: i{dtIo + HfdfI(})Irn^mAi + i{dtli + HrdfIi)Im.x!:B.Ao 

+ ^/l^lir^dfIo^^xr^Bi + v^l - kf'^/a'^dfh^^rn^rnBo = 0, (2.38) 

h"^ : i{dtIo + HrdfIo)IfxfA2 + iidth + HfdfIi)IrRxfAi 
+i{dtl2 + Hfdrl2)Is2.xsiAo + y/l - kf"^ /a?dflQ^%.y^rnB2 

2 2 2 2 

+ V^1 - kr'^/a?dfIlfrn^rnBl + Vl - kf^/a'^dfl27^rn^rnBo = 0, (2.39) 
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Set II: 

n° : ^Jl - kP/a'^drlo^'ir^n.Ao - i{dtlQ + HfdfIo)In!.^iRBo = 0, (2.40) 

2 2 2 2 

2^2 2^2 

-i{dtIo + HfdfIo)Ifx^Bi - i{dth + Hrdfh)Im.y,siBQ = 0, (2.41) 

: a/1 - kP /a?dfIo^^in. x f ^2 + \/l - kr^ja^dfh 7|t x f 
+ - kr^ I a^dfhl^^TuM - i{dtIo + HfdfIo)InLy^niB2 

2 2 2 2 

-i(at/i + Hrdfh)Im.^siBi - i{dth + Hfdfl2)IiRx^Bo = 0, (2.42) 



Equations ( 2.37| ) and (|2.40| ) are the semiclassical Hamilton- Jacobi equations for a Dirac 
particle. Similar to the scalar particle tunneling here one can also separate the semiclassical 
action as Eq.(^). Substituting (|2l^ ) into ( ^ ) and ( |I40D , one can obtain 



■y/l— fcr^/a' 



+ Hfdfh ) /iBixiri^o + a/1 — kf'^ / a? rnBQ = 0, 

/ 2 2 ^ 2 2 



+ Hfdflo I ImLx — B{ 



(2.43) 



0. 



From above equations, there will be a non-trivial solution for and Bq if and only if the 
determinant of the coefficient matrix vanishes, which results 



= w 



Hf lb sjl — kr'^ /a? 



(f7f^-l)v^l-A:f2/a2 



(2.44) 



where the +(— ) sign indicates the particle is ingoing (outgoing). Thus the solution for 
h{t,f) is 



Y^l — kf"^ /a? 



dt + uj 



Hf lb Y^l — kf'^ /a? 



{f'^/f\-l)yjl-kf'^/c 



-.dr. 



(2.45) 



Note that in the above by only solving (|2.37D and (|2.4[l|) , we obtain the solutions of /o(*) 
Substituting this solution ( 2.45|) and ( 2.44| ) into the equations of Set I and Set II and then 
solving them we obtain relations between different orders in the expansion of A^xi and 



Bl 



xl- 



iAj = ±7: 



3 R 

m ^ m 1 J n 



(2.46) 



where j = 0, 1, 2, 3, ... . Using above relations about the equations of Set I and Set II, we 
get the simplified form of the equations of Ij : 



dtlj = {-Hf±^l-kf^/a^)dflj 



(2.47) 
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The above set of equations have the same functional form. So their solutions are not 
independent and li are proportional to Iq. Thus one can write the action / as 



1 + ^7^^'^ /o(r,i). (2.48) 



Therefore from the above equation and ( |2.45| ) one can immediately reach the solutions of 
the action /, 



/(f,t) 



UJ 



Hf lb a/1 — kf'^/a? 

at + UJ -^^ — dr 



Y^l — kf^/a"^ J (1 — f2/f^)-y/l — kf"^ /a? 




(2.49) 



which is identical with the expression ( |2.14 ). Following the same step in Sec. (2.1) for scalar 



particle tunneling, one can obtain the corrected Hawking-like temperature for fermion 
tunneling. The result thus obtained is identical to ( 2.20| ). 



3. Corrected entropy in Einstein gravity 

In Einstein gravity, it is known that a FRW universe can be considered as a thermodynam- 
ical system with temperature Tq = 2nfA ^^'^ Bekenstein-Hawking entropy 5bh = ^ the 
apparent horizon. Here the temperature Tq and the entropy S'bh are both semiclassical re- 
sults. When the quantum effects come into play, the temperature and the entropy should 
alter. In this section, with the corrected Hawking-like temperature ( ^.20D on apparent 
horizon of the FRW universe given in the above section, we will explicitly calculate the 
corrections to the semiclassical Bekenstein-Hawking entropy 5bh with the help of the first 
law of thermodynamics on the apparent horizon of the FRW universe. 

In the Hawking-like temperature expression (p30| ), there are un-determined coefficients 



7j. Obviously, 7^ should have the dimension Now, we will perform the following 

dimensional analysis to express these 7^ in terms of dimensionless constants by invoking 
some basic macroscopic parameters of the FRW universe. In the (n-f- l)-dimensional FRW 
spacetime, one sets the units as Gn+i = c = ks = 1, where Gn+i is the (n + l)-dimensional 
gravitation constant. In this setting, the Planck constant h is of the order of nip ■ Ip, where 
nip is the Planck mass and Ip is the Planck length. Therefore, according to the dimensional 
analysis, the proportionality constants 7^ have the dimension of {mplp)~^ . In Einstein's 
gravity, there is an important quantity, i.e., the Misner-Sharp mass 

M = !^f]„_if"-2(l - h'^^'dafd^f), (3.1) 

which is the total energy insider the sphere with radius f and has the dimension of rrip. 
For FRW universe, the Misner-Sharp mass on the apparent horizon is 

Ma = (3-2) 
Idtt 
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Remember that on apparent horizon one should use h°'^dafdi,f |f^= in the derivation of 
the above expression. Now we can make a dimensional analysis to express the proportion- 
ality constants 7^ in terms of macroscopic parameters of the FRW universe as 

7i = f3i{MAfA)\ (3.3) 

where /3j is a dimensionless constant. This is possible since the Misner-Sharp mass Ma is 
independent of the radius of the apparent horizon and can be completely determined 
by fA- Note that things will be a bit different in the next section while in the gravity 
theories beyond Einstein the Misner-Sharp mass on apparent horizon contains more than 
one parameters. Using ( |3.3D the Hawking-like temperature ( p. 20 ) now can be written as a 
new form 

---o(l.E^)"'. (3.4) 

where a,- = 4- is also a dimensionless constant. 

With the new form of the Hawking-like temperature ( |3.4| ), one can apply the first law 
of thermodynamics dE = TdS on apparent horizon of the FRW universe, thus one can 
obtain the corrected entropy by the formula: 

(3,5) 

substituting the temperature (3^) into ( |3.5| ) we obtain 



S= /^<iS,= = / |l + >;^£|y),iS„. (3.6) 



Note that the first law of thermodynamics with the semiclassical temperature Tq and the 
semiclassical Bekenstein-Hawking entropy S'bh holds on apparent horizon, i.e., dE = T^dS^Yi- 
In a (n + l)-dimensional FRW universe, the area of the apparent horizon is j4 = r2„_if^~^. 
Thus one can obtain Mat a = i^^i substitute it into (3^), then we get 



= 5'bhH 7 In S'bh + ( 7) 7;^— r + • i^-^) 

n-1 ^ 1 - ^ Vn - ly 5^h' 

The first term is the semiclassical Bekenstein-Hawking entropy 5bh = The other terms 
are the correction terms due to quantum effects. Interestingly in the correction terms, the 
leading order correction is logarithmic in S'bh which is very famous in black hole physics 




and can be obtained by other approaches] 37]. 



The above discussions show that in the tunneling method, the semiclassical Bekenstein- 
Hawking entropy should receive corrections due to quantum effects. In the derivation of the 
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corrected entropy (|3.7] ), the Misner-Sharp mass and the semiclassical Bekenstein-Hawking 
entropy 5bh = ^ play an important role. However, the Misner-Sharp mass and the entropy 
for the FRW universe in Einstein gravity is very special. In general, the Misner-Sharp 
mass and the entropy on the horizon in other gravity theories are more complicated than 
in Einstein gravity. Therefore, a crucial problem with the previous investigations arises. 



That is, is the above procedure and the result (3.7) still valid for more complicated gravity 



theories? We will answer this question in the next section. 
4. Corrected entropy in generalized gravity theory 

In this section, we will generalize the above discussions to the generalized gravity theo- 
ries, including the Gauss-Bonnet gravity, Lovelock gravity, f{R) gravity, and scalar-tensor 
gravity. We will carry out explicitly the expression of the corrected entropy. 

4.1 Gauss-Bonnet gravity 

The Lagrangian of the Gauss-Bonnet gravity in (n + l)-dimensional spacetime is 

£=-^{R + aIhB), (4.1) 

where a is a parameter with the dimension [length]^ and i?GB = —^Rp.vR^^ +R^v'y&R^^'^^ 
is the Gauss-Bonnet term. Gauss-Bonnet gravity is the natural generalization of Einstein 
gravity by including higher derivative correction term, i.e., the Gauss-Bonnet term to 
the original Einstein-Hilbert action. In this gravity theory, the semiclassical Bekenstein- 
Hawking entropy-area relationship that the entropy of horizon is proportional to its area, 
does not hold anymore. The relationship is now] 



A f n-l 2a\ , , , 

where A is the horizon area of a Gauss-Bonnet black hole and r_|_ is the radius of the 
horizon. 

In ref.|^], Cai et al applied the entropy formula ( [4. 2D to the apparent horizon, assuming 
that the apparent horizon has an entropy with the same expression as ( [4. 21) but replacing 
the black hole horizon radius r+ by the apparent horizon radius f^. That is, the apparent 
horizon is supposed to have an entropy 

A ( n- 12a 



5gb = tz 1 + ^— • (4.3) 



Then with the entropy Sqb and temperature Tq = ^Jl^ on apparent horizon, Cai et al have 
shown explicitly that the first law of thermodynamics 

dE = TodSoB (4.4) 

holds on apparent horizon of the FRW universe for Gauss-Bonnet gravity, where dE is the 
amount of energy crossing the apparent horizon in Gauss-Bonnet gravity. 
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Now let us began to consider the dimensional analysis on the Hawking-like temperature 
|3.4j) in Gauss-Bonnet gravity. In Gauss-Bonnet gravity, the mass parameter is the gener- 



alized Misner-Sharp mass, which is proposed in |35]. For FRW universe, the generalized 
Misner-Sharp mass on apparent horizon has the following form 



Ma 



n 



1 



167r 



1 + 



n 



1 2a 



n 



3rl 



(4.5) 



Unlike (^3) that has only one independent parameter r^, the generalized Misner-Sharp 
mass Ma here have two independent parameters fA and a. Thus it is not clear whether 
the combination Mat a is still valid for expressing the proportionality constants 7j in terms 
of dimensionless constants. To be safe, one can express 7j in terms of a and ta as 



(4.6) 



where ai and a2 are dimensionless constants. Note that a has the dimension [length]^. 
Now the Hawking-like temperature (2.20) has the form 



(4.7) 



To fix the constants ai and 02 let us first write the first law of thermodynamics with 



the corrected Hawking-like temperature (4.7) in the form 



dS 



dE 

AhT 
AhT 



d{r 



dX + 



+ 



n 



n-3 2hT ^ ^ ' 

1 To^n-l 



n 



3 2hT 



dY. 



(4.8) 



We treat X 



::n-l 



Y 



ar , 



as two independent variables in the above equation. From 



the principle of the ordinary first law of thermodynamics one interprets entropy as a state 
function. In refs.||2^, this property of entropy has been used to investigate the first 
law of thermodynamics and entropy for black holes. Also, this property must be satisfied 
for FRW universe as well. Hence we can assume that the entropy of the FRW universe 
is a state function and consequently dS has to be an exact differential. As a result the 
following relation must hold: 



_d_ 
dY 



AhT 



X 



d 

dX 



n 



n 



1 To^n-i 

"3 2hT 



(4.9) 



Y 



This relation is just the integrability condition that ensures dS is an exact differential. 



Using the corrected Hawking-like temperature (4/7) it follows that the above integrability 
condition is satisfied only for 



n 



n 



1 



-ai = 02. 



(4.10) 
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For convenience we choose ai = j^Qn-i, thus the proportionahty constants 7^ is now 
given by 



7i = Pi 



?^ — 1 „ ~r)-2/-, n — 12a 

^n^irA (1 H TT 



A(M^f^)\ (4.11) 



This shows that the combination Ma^a still works for expressing the proportionality con- 
stants 7j in terms of dimensionless constants. Therefore the corrected form of the Hawking- 
like temperature is given by 

T = To(l + Y.j^] \ (4.12) 



{MataY 



Applying the first law of thermodynamics on apparent horizon and using ([4.4|), one 
immediately obtains the corrected entropy of apparent horizon in Gauss-Bonnet gravity 

5 = Sob + ^ m 5.B + E (^) ^ ^ + -oust, (4.13) 
n-1 ^1-z Vn-iy 5^B 

which is the same in form as ( |3.7D obtained in Einstein gravity. We see that the first term 
is the usual semiclassical entropy of the horizon in Gauss-Bonnet gravity and the other 
terms are the corrections from the quantum effects. Also interestingly the leading order 
correction appears as the logarithmic in 5gb- 

Thus, starting with the Hawking-like temperature (|3.4| ) and applying the first law of 
thermodynamics to apparent horizon, we obtain the corrected entropy of apparent horizon 
in Gauss-Bonnet gravity. The correct entropy satisfies the same formula as that in Einstein 
gravity. 

4.2 Lovelock gravity 

Now we extend the above discussions to a more general case, the Lovelock gravity, which 
is a generalization of the Gauss-Bonnet gravity. The Lagrangian of the Lovelock gravity 
consists of the dimensionally extended Euler densities 



m 

E 

i=0 



jC = yciCi, (4.14) 



where Cj are constants, m < [n/2], and Ci is the Euler density of a (2i)-dimensional manifold 

d = 2-M^i^i-^ti?''t • • • K'f- (4.15) 

' cidi...Cidi aibi a^bi \ / 

Here Ci is the Einstein-Hilbert term, and £2 is just the Gauss-Bonnet term discussed 
in the previous subsection. For the FRW universe in Lovelock gravity, the first law of 
thermodynamics also holds on apparent horizon. That is 

dE = Tod^L, (4.16) 
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where Tq = ^J^^ is the temperature and Sl is the entropy of the apparent horizon of the 
FRW universe in Lovelock gravity, which has the following form[4C] 

i=l 

For the FRW universe in Lovelock gravity, the generalized Misner-Sharp mass on ap- 
parent horizon is[38| 

Now follow the same procedure in the above, we can write the corrected Hawking-like 
temperature ( |3.4D as the following form 

With this Hawking-like temperature we apply the first law of thermodynamics to the 
apparent horizon, we can obtain the corrected entropy 

S = S. + ^lnS. + ^-^(^\'+ const. (4.20) 
n — 1 ^-^ \ — I \ n — \ Si 

1=2 ^ / 

Also, like the corrected entropy for Gauss-Bonnet gravity, this entropy formula follows the 
same form as that in Einstein gravity. 

4.3 f{R) gravity 

The Lagrangian of the f{R) gravity in (n + l)-dimensional spacetime is 

where f{R) is a continuous function of curvature scalar R. In the f{R) gravity, the entropy 
of a black hole has a relation to its horizon [^] 

Sf = p'iR), (4.22) 

where f'{R) denotes the derivative with respect to the curvature scalar R. Also, one can 
assume that the apparent horizon of the FRW universe has an entropy with the same 
expression as ( 14221 ). By further assuming that the temperature To = ^J^^ still holds 
on the apparent horizon, one can investigate the thermodynamics behavior of Friedmann 
equations in f{R) gravity. For f{R) gravity, however, things are a bit different with 
that in the case of Einstein gravity, Gauss-Bonnet gravity, and Lovelock gravity. In this 
case, applying the first law of thermodynamics dE = T^dSf to the apparent horizon, one 
can not obtain the correct Friedmann equations. In order to get the correct Friedmann 
equations, one has to turn from the equilibrium thermodynamics relation dE = T^dSf to 
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a non-equilibrium one; an entropy production term needs to be added to the equilibrium 
thermodynamics relationjl^]. This means that the f{R) gravity corresponds to a non- 
equilibrium thermodynamics of spacetime. 

Recently, in [jll[ , the authors have shown that there is a mass-like function connecting 
the first law of thermodynamics and the Priedmann equations in some gravity theories. 
For f{R) gravity, the mass-like function can be written as 

M = !i^l7„_i/'(i?)r— 2(1 + h^'dafd^r). (4.23) 
Ibvr 

Using the mass-like function, the energy amount crossing the apparent horizon in an in- 
finitesimal time interval can be defined as dE = k°'daMdt; then the equilibrium thermo- 
dynamics relation, i.e., the first law of thermodynamics dE = T^dSj holds on the apparent 
horizon. 

The mass-like function has the dimension of mp, thus we can choose it as the mass 
parameter in the case of the f{R) gravity. For the FRW universe, the mass-like function 
on apparent horizon is 

Ma = ^l^n-i/'(i?)rT'- (4.24) 
Thus we can write the Hawking-like temperature ( |3.4| ) as the form 

V i {MataY ) 

Now the procedure same as the above subsections yields the corrected entropy formula on 
apparent horizon 

S = Sf + ^\nSf + y^( ^ ^ + const. (4.26) 

^ n-1 ^ ^ l-i\n-lj ST^ 

1=2 ^ ' J 

4.4 Scalar- Tensor gravity 

The general scalar-tensor theory of gravity is described by the Lagrangian 

^ = T^/^*^)^ - - yi<t^)^ (4-27) 

Ibvr 2 

where /((/)) is a continuous function of the scalar field (j) ^-iid V{(j)) is its potential. The 
black hole entropy in scalar-tensor gravity has the following formp^] 

5sT = (4.28) 

In order to investigate the thermodynamics properties on the apparent horizon of the FRW 
universe, one should assume that the entropy of the apparent horizon has the same form 
as ( [4.28| ). The thermodynamics behavior in scalar-tensor gravity is very similar with that 
in f{R) gravity. Namely, one usually needs to treat the thermodynamics in scalar-tensor 
gravity as the non-equilibrium thermodynamics. As pointed out in [^], after introducing 



-18- 



the mass-like function, the equihbrium thermodynamics dE = TqcISst also holds on the 
apparent horizon. 

The mass-like function in scalar-tensor gravity is defined as 

M = !^J7„_i/(,/,)f"-2(l + h'^'^dardbr). (4.29) 

For the FRW universe, the mass-like function on the apparent horizon is 

Ma = ^^n-if{4>)rl-'. (4.30) 
Thus one can write the Hawking-like temperature as 

^ = ^°^ + E7TZ^') (4-31) 

Now, with the same procedure in the above, it is easy to obtain the corrected entropy of 
the apparent horizon, 

5 = 5sT + ^ m 5sx + E f + const . (4.32) 

Obvious, this expression is consistent with the corrected entropy formula in Einstein gravity, 
Gauss-Bonnet gravity, Lovelock gravity, and f{R) gravity. 

It is well known that f{R) gravity can be written as a special scalar-tensor theories 
of gravity by redefining the field variable [ 43 1. To see this we writte the action of the f{R) 
gravity as 

IfiR) = d^x^f{R). (4.33) 

One can introduce a new field x = R and write the dynamically equivalent action 

1 



IfiR) = Y^J d^^V^ifix) + f'{x){x)ix - R)]. (4.34) 

Variation with respect to x leads to the equation 

f"{R)ix-R) = 0. (4.35) 

Therefore, x = R f"{R) 7^ 0) which reproduces the action ( ^.33| ). Then redefining the 
field X by (/> = f\R) and setting 

F(0) = x(</')0-/(x(</')), (4.36) 

the action takes the form 

IfiR) = ^ I d^^[<pR - (4.37) 
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This is the Brans-Dicke action with a potential V{(p) and a Brans-Dicke parameter uq = 0. 
Therefore there is a dynamical equivalence between f{R) gravity and a special scalar- 
tensor gravity. This equivalence means that the corrected entropy of FRW universe in 
f{R) gravity can be directly obtained from eq.(4.32). In the gravity theory described by 



the action ( 4.37] ), the entropy of black hole horizon takes the form 5bd = jfi4>^- Thus from 



(4.32) the corrected entropy of FRW universe can be written as 

5 = 5bd + ^ In^BD + V ( J-^ + const, (4.38) 
noticing that (j) = f'{R), which shows above expression is just the corrected entropy formula 



(I4.26D of the f{R) gravity. 

Thus, summarizing Eqs. ( |3.7D , ( [4.13 ), ( 4.2[1| ), ( |4.26 ) and ( [4.32 ), one can conclude that 



all these corrected entropy formulaes in different gravity theories can be written into a 
general expression 

S = 5o + ai In + ^dj-irY + const, (4.39) 

i=2 ^0 

where Sq is the entropy on apparent horizon without quantum correction. This might 
imply that this general expression is independent of the concrete gravity theory. Also, one 



can see that the leading order correction in (4.39|) appears as the logarithmic in Sq and the 



sub-leading term is the standard inverse power of 5*0. This character holds for arbitrary 
{n + l)-dimensional FRW spacetime. 

5. Test the expression for corrected entropy with black holes 

In above sections, it is shown that there is a general expression for the corrected entropy 
on apparent horizon by the tunneling method. However, the derivation of this general 
expression is confined to the FRW universe. As we all know the tunneling method has 
been used extensively to obtain the corrected black hole entropy. Thus, a question arises 
that is the general expression ( [4.39 ) still valid for black holes? Now, in order to answer 



this question we are going to check the corrected entropy from the tunneling method for a 
(2 + l)-dimensional BTZ black hole and a (3 -|- l)-dimensional Kerr-Newman black hole. 



In ref.[29|, Modak has considered the tunneling method beyond semiclassical approxi- 
mation for BTZ black hole and obtained the corresponding corrected entropy for the BTZ 
black hole, which is 

5 = 5BH + 47r/?ilnS'BH-^^^(;^) +•••, (5.1) 

where S'bh = ^ is the semiclassical Bekenstein-Hawking entropy of the BTZ black hole and 
I is related to a negative cosmological constant A = — p-. It is obvious that this entropy 
formula ( ^.1| ) fit into the general expression ( [4.39 ). 
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For the Kerr-Newman black hole, its corrected entropy is[30| 



5 = 5BH + 27r/?ilnSBH-^^^^ + ..., (5.2) 

'-'BH 

which also fits into the general expression ( f4.39| ). Now it is trivial, as one can check, that 
all other black holes, for example Schwarzschild, Kerr or Reissner-Nordstrom black hole, 
also fit into the general expression ( [4.39| ). Thus the universality of the expression ( 4.39| ) 
for black holes is justified. 



Now, one can say that the general expression ( [4.39 ) is also valid for black holes. Here 



are some comments. First, the BTZ black hole is a black hole solution for (2+l)-dimensional 
gravity with a negative cosmological constant, this implies that ( [4.39| ) is robust for black 
hole even in low dimensional gravity theories. Second, we have noticed that prefactors 
of both the logarithmic term and the third term in ( [4.39| ) are dependent on the black 
holes. Also, from above section, it is easy to know that these prefactors are dependent 
on the dimension of the spacetime. Although the general expression is independent of 
gravity theory, spacetime and the dimension of the spacetime in form, this means that the 
prefactors may contain more detailed information of the spacetime. Third, in the derivation 
of the corrected entropy ( |5.1| ) in ref.|29] and (5.2) in ref.|30|, the condition that the entropy 



of a black hole must be a state function is enforced. The property that entropy is a state 
function is a basic character of the ordinary first law of thermodynamics. 

6. Conclusions 

In this paper, we have investigated the thermodynamic quantities of FRW universe by 
using the tunneling formalism beyond semiclassical approximation developed by Banerjee 



and Majhi\25\. Both the scalar particle and fermion tunneling from apparent horizon 
are considered to obtain the corrected Hawking-like temperature in FRW universe. With 
this corrected Hawking-like temperature, the corresponding corrected entropy on apparent 
horizon for Einstein gravity, Gauss-Bonnet gravity. Lovelock gravity, f{R) gravity and 
scalar-tensor gravity are given. We found that the corrected entropy formula for different 



gravity theories can be written into a general expression ( 4.39| ) in form. We also show that 



this general expression is valid for black holes. These characteristics may imply that this 
general expression for the corrected entropy derived from tunneling method is independent 
of gravity theory, spacetime and dimension of the spacetime. 

An important part in the derivation of the corrected entropy for various gravity theories 
is that we have use the combination M^f^ to express the proportionality constants 7^ in 
terms of dimensionless constants by dimensional analysis. This combination is always valid 
for Einstein gravity, but in generalized gravity theories its validity is not clear. We have 
shown in Gauss-Bonnet gravity that this combination is an essential condition to ensure 
that the corrected entropy 5 is a state function, which is a basic property of ordinary 
first law of thermodynamics. This means that the basic thermodynamical property that 
corrected entropy on apparent horizon is a state function is satisfied by the FRW universe. 

There is another significant point in the general expression ( 4.391) for corrected en- 



tropy is that it involves logarithmic in Sq term as the leading correction together with the 
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standard inverse power of Sq as sub-leading correction. The prcfactors of the correction 
terms are dependent on the dimension of the FRW spacetime. In black holes, it has been 
proved that the prefactor of logarithmic correction term is related with the trace anomaly 
of the stress tensor near the horizon. In this paper, we have not discussed this issue for the 
FRW universe, and thus it remains an open issue to consider the connection between the 
prefactor of logarithmic term and the trace anomaly in FRW universe for various gravity 
theories. 
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